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1 Introduction
In [12], H. M. Farkas and I. Kra observed that certain theta constant identities can be inter-
preted into partition identities. The following theorem is the most elegant of their three
partition theorems.
Theorem 1.1 Let S denote the set consisting of one copy of the positive integers and one
additional copy of those positive integers that are multiples of 7. Then for each positive
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integer k, the number of partitions of 2k into even elements of S is equal to the number of
partitions of 2k + 1 into odd elements of S.
The generating function identity of Theorem 1.1 is
(−q; q2)∞(−q7; q14)∞ − (q; q2)∞(q7; q14)∞ = 2q(−q2; q2)∞(−q14; q14)∞, (1.1)
where (a; q)∞ = ∏∞n=0(1 − aqn).
In [13], M. D. Hirschhorn gave a simple proof of Theorem 1.1. The referee of [13]
observed that (1.1) is equivalent to a modular equation of degree 7 in Ramanujan Notebooks.
B.C. Berndt [9] showed that modular equations of degree 5, 11, and 23 due to H. Schro¨ter
[19], Russell [16], and Ramanujan [15] also yield elegant partition identity similar to (1.1).
N. D. Baruah and Berndt [2, 3] found that there are many further modular equations
and theta function identities of Ramanujan and Schro¨ter-type, which yield elegant partition
identities.
S. O. Warnaar [20] established a generalization of Theorem 1.1. In [14], S. Kim gives a
bijective proof of Warnaar’s generalization, which naturally gives a bijective proof of par-
tition theorems due to Farkas and Kra [12]. C. Sandon and F. Zanella [17] extended Kim’s
ideas and consequently found a bijective proof of partition identities arising from modular
equations of degree 5 and 11. In [18], they further found several new and non-trivial colored
partition identities and conjectured 29 more identities. Berndt and R. R. Zhuo [10] proved
three of the Sandon and Zanella conjectures using Ramanujan formulas of multipliers and
the same authors proved all the remaining conjectures in [11]. In [4], Baruah and B. Bourah
have also established 17 of those conjectures and proved analogues of all the remaining 12
using the theory of Ramanujan’s theta function.






(qc; qc)l∞(qd ; qd)m∞
. (1.2)
They have proved some analogues of Ramanujan’s partition identities and also deduced sev-
eral partition congruences.
In this paper, we present several new partition-theoretical interpretation that arise from
existing Ramanujan’s theta function identities.
We end this section by defining a modular equation in brief.
The complete elliptic integral of the first kind is defined for 0 < k < 1 by
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denotes the ordinary hypergeometric function. Let K , K ′,
L, and L′ denote the complete elliptic integrals of the first kind associated with the moduli
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holds for some positive integer n. Then a modular equation of degree n is a relation between
the moduli k and l which is induced by (1.3). Following Ramanujan, set α = k2 and β = l2.
























2 Definitions and Preliminary Results
Throughout this paper, we let |q| < 1. We use the standard notation
(a1, a2, . . . , ak; q)∞ := (a1; q)∞(a2; q)∞ . . . (ak; q)∞,
and define
(qr±; qs)∞ := (qr , qs−r ; qs)∞.
Following Ramanujan, we define




2 = (−q; q2)2∞(q2; q2)∞, (2.1)





(q; q2)∞ , (2.2)
f (−q) := f (−q,−q2) =
∞∑
n=−∞
(−1)nqn(3n−1)/2 = (q; q)∞, (2.3)
which are special cases of Ramanujan’s general theta function [6]
f (a, b) :=
∞∑
n=−∞
an(n+1)/2bn(n−1)/2, |ab| < 1. (2.4)
Using the Jacobi’s famous triple product identity, the identity (2.4) reduces to
f (a, b) = (−a; ab)∞(−b; ab)∞(ab; ab)∞. (2.5)
After Ramanujan, we also define
χ(q) := (−q; q2)∞. (2.6)
We frequently use Euler’s famous identity [1]
1/(q; q2)∞ = (−q; q)∞ (2.7)
i.e., the number of partitions of a positive integer n into odd parts is identical to the number
of partitions of n into distinct parts.
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Lemma 2.1 ([6, Entry 29, p. 45]) If ab = cd, we have
f (a, b)f (c, d) + f (−a,−b)f (−c,−d) = 2f (ac, bd)f (ad, bc), (2.8)
f (a, b)f (c, d) − f (−a,−b)f (−c,−d) = 2af (b/c, ac2d)f (b/d, acd2). (2.9)
Lemma 2.2 ([7, Entry 14, p.149]) We have
f (a, b)f (a3, b3) − f (−a,−b)f (−a3,−b3) = 2af (b/a, a2)ψ(a3b3), (2.10)
f (a, b)f (a2b, ab2) − f (−a,−b)f (−a2b,−ab2) = 2af (b/a, a4b2)ψ(ab). (2.11)
3 Partitions and Theta Constant Identities of Degree 3 or 9
Theorem 3.1 Let S denote the set consisting of three copies of odd positive integers, each
of which is colored by one of three colors, and let one of which is not a multiple of 3. Let
A(N) denote the number of partitions of N into elements of S, let B(N) denote the number
of partitions of 2N into parts congruent to ±2,±4 or 6 (mod 12) with parts congruent to
±4 or 6 (mod 12) having one additional color and let C(N) denote the number of partitions
of 2N − 2 into even positive integers that are not multiples of 36 with parts congruent to
±2,±10,±14 or 18 (mod 36) having one additional color. Then,
(i) for N ≥ 1, A(2N) = 3 C(N) and
(ii) for N ≥ 0, A(2N + 1) = 3 B(N).
Proof From [7, p. 202, Entry 50(i)]
χ3(q)
χ(q3)
= 1 + 3q ψ(−q
9)
ψ(−q) . (3.1)
Replacing q by −q in (3.1), we obtain
χ3(−q)






























(q3; q6)∞ = 2 + 6q
2 (q
36; q36)∞
(q2; q2)∞(q2±, q10±, q14±, q18; q36)∞ . (3.5)
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We recall from [6, p. 345, Entry 1] that
χ3(−q9)































(q3; q6)∞ = 6q
1
(q2±, q4±, q4±, q6, q6; q12)∞ . (3.10)
From (3.5) and (3.10), we deduce the partition identity claimed in Theorem 3.1(i) and (ii),
respectively.
Example 1 Let N = 2. Then A(4) = 6 and C(2) = 2, we have the representation
3r + 1r = 3r + 1o = 3r + 1b = 3o + 1r = 3o + 1o = 3o + 1b, 2R = 2O.
Also, A(5) = 9 and B(2) = 3, and
5o = 5r = 5b = 3r + 1r + 1o = 3r + 1b + 1o = 3r + 1b + 1r = 3o + 1r + 1o
= 3o + 1b + 1o = 3o + 1b + 1r ,
2R + 2R = 4R = 4B.
Corollary 3.1.1 Let p[133−1](n) be the number of three colored partitions of n with one of







2; q2)4∞(q3; q3)3∞(q18; q18)2∞























Using (3.5) in (3.13) and then replacing q2 with q, we obtain (3.11).
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Corollary 3.1.2 For r ≥ 1, we have
p[133−1](6n + 4) ≡ 0 (mod 6), (3.14)
p[133−1](6n + 6) ≡ 0 (mod 6), (3.15)
p[133−1](6 · 4rn + 14 · 4r−1) ≡ 0 (mod 6), (3.16)
p[133−1](12 · 4rn + 26 · 4r−1) ≡ 0 (mod 6), (3.17)
p[133−1](6 · 4rn + 20 · 4r−1) ≡ 0 (mod 6). (3.18)
Proof For any positive integer k and prime number t , it is easy to see that
(qk; qk)t∞ ≡ (qtk; qtk)∞ (mod t). (3.19)




2; q2)4∞(q3; q3)3∞(q18; q18)2∞
(q; q)8∞(q6; q6)2∞(q9; q9)∞
≡ 1 + 3q (q
9; q9)3
(q3; q3) (mod 6).
(3.20)
Using (3.20) in (3.11), we obtain
∞∑
n=0
p[133−1](2n + 2)qn ≡ 3
(q9; q9)3
(q3; q3) (mod 6). (3.21)
Extracting the terms involving q3n+1 and q3n+2 in (3.21), we obtain (3.14) and (3.15),
respectively. Now equating coefficients of q3n on both sides of (3.21), we have
∞∑
n=0
p[133−1](6n + 2)qn ≡ 3
(q3; q3)3
(q; q) (mod 6). (3.22)
It follows from (1.2) and (3.22) that
p[133−1](6n + 2) ≡ 3 p[113−3](n) (mod 6). (3.23)
In [21], E. X. W. Xia and O. X. M. Yao have proved that, for r ≥ 1
p[113−3]
(




≡ 0 (mod 2), (3.24)
p[113−3]
(




≡ 0 (mod 2), (3.25)
p[113−3]
(





From (3.23) to (3.26), we obtain (3.16) to (3.18).
Corollary 3.1.3 We have
p[133−1](12n + 10) ≡ 0 (mod 18), (3.27)
p[133−1](12n + 6) ≡ 0 (mod 18), (3.28)
p[133−1](24n + 14) ≡ 0 (mod 18), (3.29)
p[133−1](48n + 26) ≡ 0 (mod 18). (3.30)
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Proof From [5, Corollary 4.18, p. 405], we have
p[133−1](4n + 2) ≡ 0 (mod 9). (3.31)
Corollary 3.1.3 follows from the Corollary 3.1.2 and (3.31).
Theorem 3.2 Let S denote the set consisting of one copy of the positive integers that are
not congruent to ±3 (mod 9) and one additional copy of those positive integers that are
multiples of 9. Let T denote the set consisting of one copy of the positive integers that are
not multiples of 9. Let A(N) and B(N) be the number of partitions of 2N into, respectively,
odd parts in S or into even positive integers that are not multiples of 9 and even parts in S or
into even positive integers that are not multiples of 9. Let C(N) be the number of partitions
of N into odd parts in S and let D(N) and E(N) be the number of partitions of 2N into,
respectively, odd parts in T and even number of even parts in T . Then,
(i) for N ≥ 1, A(N) = B(N − 1),
(ii) for N ≥ 0, C(2N + 1) = D(N) and C(2N) = E(N).
Proof Multiplying χ(−q)/χ(−q9) on both sides of the identity (3.7) and using the fact






f (−q18) . (3.32)







f (−q18) . (3.33)

























+ 2 f (−q
2)
f (−q18) . (3.35)













f (−q2) + 2.
(3.36)
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(q18; q18)∞ . (3.39)
It is now clear that (3.36) and (3.34), (3.39) have the partition-theoretic interpretation as
claimed in (i) and (ii) of Theorem 3.2, respectively.
Example 2 Let N = 4. Then A(4) = B(3) = 7, we have the representation
7r + 1r = 5r + 1r + 2¯ = 8¯ = 6¯ + 2¯ = 4¯ + 4¯ = 4¯ + 2¯ + 2¯ = 2¯ + 2¯ + 2¯ + 2¯,
4r + 2r = 4r + 2¯ = 4¯ + 2r = 6¯ = 4¯ + 2¯ = 2¯ + 2¯ + 2r = 2¯ + 2¯ + 2¯.
Let N = 9. Then C(19) = D(9) = 4, and
19r = 13r + 5r + 1r = 11r + 7r + 1r = 9r + 9b + 1r ,
17 + 1 = 15 + 3 = 13 + 5 = 11 + 7.
Also, C(18) = E(9) = 4, and
17r + 1r = 13r + 5r = 11r + 7r = 9r + 9b,
16 + 2 = 14 + 4 = 12 + 6 = 10 + 8.
Theorem 3.3 Let S denote the set consisting of one copy of the positive integers and one
additional copy of those positive integers that are not congruent to ±3 (mod 9). Let T
denote the set consisting of the positive integers that are not multiples of 9. Let A(N) be
the number of partitions of N into odd elements of S, let B(N) be the number of partitions
of 2N into even elements of S, let C(N) and D(N) be the number of partitions of 2N into,
respectively, odd elements of T and even elements of T and let E(N) be the number of
partitions of 2N into even number of even parts in T . Then, for N ≥ 0,
A(2N) = C(N) and A(2N + 1) = 3 D(N) − B(N) = D(N) + E(N).
Proof Multiplying (3.1) by χ(q9)/χ(q) on both sides and using the fact χ(q)ψ(−q) =






+ 3q f (−q
18)
f (−q2) . (3.40)






f (−q2) . (3.41)
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From (3.42) and (3.44), (3.47), we deduce the partition identity as claimed in the theorem.
Example 3 Let N = 3. Then A(6) = C(3) = 4, and
5r + 1r = 5r + 1b = 5b + 1r = 5b + 1b,
5 + 1 = 3 + 3 = 3 + 1 + 1 + 1 = 1 + 1 + 1 + 1 + 1 + 1.
Also, A(7) = 4, D(3) = 3, B(3) = 5 and E(3) = 1, and
7r = 7b = 5r + 1r + 1b = 5b + 1r + 1b,
6 = 4 + 2 = 2 + 2 + 2,
6r = 4r + 2r = 4r + 2b = 4b + 2b = 4b + 2r ,
4 + 2.
Theorem 3.4 Let S denote the set consisting of one copy of the positive integers and five
additional copies of those positive integers that are multiples of 3. Let T denote the set
consisting of four copies of the positive integers that are not multiples of 3. Let A(N) and
B(N) be the number of partitions of 2N into, respectively, odd parts in S or into four
different colors of positive integers that are not multiples of 3 and even parts in S or into
four different colors of positive integers that are not multiples of 3. Let C(N) be the number
of partitions of N into odd parts in S and let D(N) and E(N) be the number of partitions
of 2N into, respectively, odd parts in T and even number of even parts in T . Then,
(i) for N ≥ 1, A(N) = 4B(N − 1),
(ii) for N ≥ 0, C(2N + 1) = D(N) and C(2N) = E(N).
Proof From [6, p. 345, Entry 1(i)]
χ9(−q3)
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Multiplying (3.48) by qχ4(−q)/χ4(−q3) on both sides and using the fact ψ(q)χ(−q) =
f (−q2), we arrive at




f 4(−q6) . (3.49)
Replacing q by −q in (3.49), we obtain





f 4(−q6) . (3.50)
Adding (3.49) and (3.50), we arrive at










f 4(−q6) . (3.51)
Setting a = c = q and b = d = q5 in (2.2) and (2.3), then multiplying both resulting






= 8q(−q2; q2)∞(−q6; q6)5∞. (3.52)
Using (3.52) in (3.51), we find an identity equivalent to
{
(−q; q2)∞(−q3; q6)5∞ + (q; q2)∞(q3; q6)5∞
} (q6; q6)4∞
(q2; q2)4∞





































Employing (3.55) in (3.51), we obtain







Subtracting (3.49) from (3.50), we deduce that









It is now easy to see that (3.53) and (3.56), (3.57), respectively, have partition-theoretic
interpretation claimed in Theorem 3.4 (i) and (ii).
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Example 4 Let N = 2. Then A(2) = 20 and B(1) = 5, and
4R = 4B = 4G = 4P = 3r + 1r = 3b + 1r = 3g + 1r = 3o + 1r = 3p + 1r = 3y + 1r
= 2R + 2R, 9 further partitions of the form 2 + 2,
2r = 2R = 2B = 2G = 2P .
Also, C(4) = E(2) = 6, and
3r + 1r , 5 further partitions of the form 3 + 1,
2r1 + 2b1 , 5 further partitions of the form 2 + 2.
Corollary 3.4.1 Let p[1135](n) be the number of six colored partitions of n with five of the
































Employing (3.53) in (3.60), then comparing even terms from both sides of the resulting
identity, we obtain (3.58).
Corollary 3.4.2 We have
p[1135](4n + 2) ≡ 0 (mod 2), (3.61)
p[1135](8n + 4) ≡ 0 (mod 2). (3.62)
Proof Using (3.19), we deduce that




(q12; q12)∞ (mod 2). (3.63)
From (3.58) and (3.63), we obtain (3.61) and (3.62).
Theorem 3.5 Let S denote the set consisting of five copies of the positive integers and
one additional copy of those positive integers that are multiples of 3. Let T denote the set
consisting of four different colors of the positive integers that are not multiples of 3. Let
A(N) be the number of partitions of N into odd elements of S, let B(N) be the number of
partitions of 2N into even elements of S, let C(N) and D(N) be the number of partitions
of 2N into, respectively, odd elements of T and even elements of T and let E(N) be the
number of partitions of 2N into even number of even parts in T . Then, for N ≥ 0,
A(2N) = C(N) and A(2N + 1) = 9 D(N) − 4 B(N) = 4 D(N) + E(N).
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Proof From [6, p. 345, Entry 1(ii)]









Invoking (3.1) in (3.64), we find that
χ9(q)
χ3(q3)
= 1 + 9q ψ
4(−q3)
ψ4(−q) . (3.65)






f 4(−q2) . (3.66)





f 4(−q2) . (3.67)
Adding (3.66) and (3.67), we arrive at







Subtracting (3.67) from (3.66), we obtain







f 4(−q2) . (3.69)
Using (3.52) in (3.69), we deduce an identity equivalent to









































Employing (3.72) in (3.69), we arrive at














It is now readily seen that (3.68) and (3.70), (3.73), have the partition-theoretic interpretation
as claimed in Theorem 3.5.
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Example 5 Let N = 2. Then A(4) = C(2) = 35, and
3r + 1r = 3b + 1r = 3g + 1r = 3o + 1r = 3p + 1r = 3y + 1r , 24 additional
representations of the form 3 + 1
= 1r + 1b + 1g + 1o, 4 further representations of the form 1 + 1 + 1 + 1,
1R + 1R + 1R + 1R, 34 further partitions of the form 1 + 1 + 1 + 1.
Also, A(5) = 66, B(2) = 15, D(2) = 14 and E(2) = 10, and
5r = 5b = 5g = 5o = 5p = 3r + 1r + 1r , 59 further partitions of the form 3 + 1 + 1
= 1r + 1b + 1g + 1o + 1p,
4r = 4b = 4g = 4o = 4p = 2r + 2b, 9 further partitions of the form 2 + 2,
4R = 4B = 4G = 4O = 2R + 2R = 2R + 2B = 2R + 2G = 2R + 2O, 6 further
representations of the form 2 + 2.
Corollary 3.5.1 Let p[1531](n) be the number of six colored partitions of n with one of the





























Employing (3.70) in (3.76), then comparing odd terms from both sides of the resulting
identity, we obtain (3.74).
Corollary 3.5.2 We have
p[1531](4n + 3) ≡ 0 (mod 2), (3.77)
p[1531](8n + 5) ≡ 0 (mod 2). (3.78)
Proof Using (3.19), we deduce that
9




(q4; q4)∞ (mod 2). (3.79)
From (3.74) and (3.79), we obtain (3.77) and (3.78).
Theorem 3.6 Let S denote the set consisting of six copies of the positive integers and three
additional copies of those positive integers that are not multiples of 3. Let A(N) be the
number of partitions of N into odd parts in S, let B(N) be the number of partitions of 2N
into even parts in S. Let C(N) be the number of partitions of 2N − 2 into parts congruent
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to ±2,±4 or 6 (mod 12) having four different colors, with parts congruent to 6 (mod 12)
having two additional color and with parts congruent to ±2 (mod 12) having one additional
color and let D(N) be the number of partitions of 2N into parts congruent ±1,±4 or ±
5 (mod 12) having four distinct colors. Then,
(i) for N ≥ 1, A(2N) = 36 C(N) = 4 B(N) and
(ii) for N ≥ 0, A(2N + 1) = 9 D(N).
Proof Replacing q by −q in (3.65), we have
χ9(−q)










= 2 + 72 q
2
(q2±; q12)5∞(q6; q12)6∞(q4±; q12)4∞
. (3.81)




































Now, Theorem 3.6 (i) follows from the identities (3.81) and (3.84) and (ii) follows from
(3.82).
Example 6 Let N = 2. Then A(4) = 180, C(2) = 5 and B(2) = 45 and
3r + 1r = 3r + 1b = 3r + 1g = 3r + 1o, 50 further representations of the form 3 + 1
= 1r + 1b + 1g + 1o, 125 further partitions of the form 1 + 1 + 1 + 1,
2R = 2B = 2G = 2O = 2V ,
4r = 4b = 4g = 4o = 4y = 4v = 4p = 4i = 4m = 2r + 2b = 2r + 2g, 34 further
partitions of the form 2 + 2.
Also, A(5) = 351 and D(2) = 39
5r = 5b = 5g = 5y = 5o = 5p = 5i = 5m = 5v = 3r + 1r + 1b, 215 further partitions
of the form 3 + 1 + 1
= 1r + 1b + 1g + 1o + 1y, 125 further partitions of the form 1 + 1 + 1 + 1 + 1,
4R = 4B = 4G = 4O = 1R + 1R + 1R + 1R, 34 further representations of the form
1 + 1 + 1 + 1.
Corollary 3.6.1 We have A(2N) ≡ 0 (mod 36) and A(2N + 1), B(N) ≡ 0 (mod 9).
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Theorem 3.7 Let S denote the set consisting of two copies of the positive integers that are
not multiples of 4 and one additional copy of those positive integers that are not multiples
of 3 or 4. Let T denote the set consisting of 2 copies of the positive integers that are not
congruent to 2 (mod 4) and one additional copy of those positive integers that are not mul-
tiples of 3 or not congruent to 2 (mod 4). Let A(N) and B(N) be the number of partitions
of 2N into, respectively, parts in S and parts in T . Then, for N ≥ 1,
A(N) = 2 B(N).
Proof Replacing q by q2 in (3.83), multiplying by ψ3(q)/ψ(q) on both sides of the



























Equating the coefficients of q2N on both sides of the equation, we complete the proof.
Example 7 Let N = 2. Then A(2) = 18 and B(2) = 9, and
3r +1r = 3r +1b = 3r +1g =3b+1r =3b+1b =3b + 1g = 2r + 2b = 2r + 2g = 2b + 2g
= 2r + 1r + 1b = 2r + 1r + 1g = 2r + 1g + 1b 6 further partitions
of the form 2 + 1 + 1,
4r = 4b = 4g = 3r + 1r = 3r + 1b = 3r + 1g = 3b + 1r = 3b + 1b = 3b + 1g.
Theorem 3.8 Let S denote the set consisting of one copy of the positive integers that are not
congruent to 6 (mod 12) and another copy of the positive integers that are either congruent
to ±5 (mod 12) or are multiples of 4. Let A(N) be the number of partitions of 2N + 1 into
odd parts in S and Let B(N) be the number of partitions of 2N into odd parts in S. Then
A(N) = B(N).
Proof Setting a = q, b = q3 in (2.11), we obtain the equality
f (q, q3)f (q5, q7) − f (−q,−q3)f (−q5,−q7) = 2qf (q2, q10)ψ(q4). (3.87)
Invoking (2.5), (2.6), and (2.7) in (3.87), we have





Equating the coefficients of q2N+1 on both sides of the equation, we complete the proof.
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Example 8 Let N = 7. Then A(7) = B(7) = 9, and
15r = 11r + 3r + 1r = 9r + 5r + 1r = 9r + 5b + 1r = 7r + 7b + 1r = 7r + 5r + 3r
= 7b + 5r + 3r = 7r + 5b + 3r = 7b + 5b + 3r ,
14r = 12r + 2r = 12b + 2r = 10r + 4r = 10r + 4b = 8r + 4r + 2r = 8r + 4b + 2r
= 8b + 4r + 2r = 8b + 4b + 2r .
4 Partitions and Theta Constant Identities of Degree 5
Theorem 4.1 Let A(N) denote the number of partitions of N into five distinct colors, with
one color, appearing at most once and only in odd parts that are not multiples of 5 and
remaining colors also appearing at most once and only in odd parts, let B(N) denote the
number of partitions of 2N − 2 into two distinct colors of even positive integers that are not
multiples of 20, with parts congruent to ±2 or ± 6 (mod 20) having one additional color
and with parts congruent to 10 (mod 20) having additional 2 colors and let C(N) be the
number of partitions of 2N into 2 distinct colors of positive integers that are not multiples
of 5, wherein odd parts are distinct. Then,
(i) for N ≥ 1, A(2N) = 10 B(N) and
(ii) for N ≥ 0, A(2N + 1) = 5 C(N).
Proof From [7 p. 202, Entry 50(ii)]
χ5(q)
χ(q5)
= 1 + 5q ψ
2(−q5)
ψ2(−q) . (4.1)
Replacing q by −q in (4.1), we obtain
χ5(−q)

















Set a = q, b = q9, c = q3, and d = q7 in (2.8) and (2.9). Then multiplying the resulting






= 4q(−q2; q2)∞(−q10; q10)3∞. (4.4)




(q5; q10)∞ = 2 + 20q
2 (q
20; q20)2∞
(q2; q2)2∞(q2±, q6±, q10, q10; q20)∞
. (4.5)















Equations (4.5) and (4.6) give the partition-theoretic interpretation given in Theorem 4.1.
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Example 9 Let N = 3. Then A(6) = 80 and B(3) = 8, and we record the interpretation
5r + 1r = 5r + 1b, 18 further representations of the form 5 + 1
= 3r + 3b = 3r + 3o, 8 further representations of the form 3 + 3
= 3r + 1r + 1b + 1o, 49 further partitions of the form 3 + 1 + 1 + 1,
4r1 = 4b1 = 2r1 + 2r1 = 2r1 + 2b1 = 2b1 + 2b1 = 2r1 + 2g1 = 2b1 + 2g1 = 2g1 + 2g1 .
Now, Let N = 2. Then A(5) = 55 and C(2) = 11, and
5r = 5b = 5o = 5g = 3r + 1r + 1b, 49 more partitions of the form 3 + 1 + 1
= 1r + 1b + 1o + 1g + 1y,
4R = 4B = 2R + 2R = 2R + 2B = 2B + 2B = 3R + 1R = 3R + 1B = 3B + 1R = 3B + 1B
= 2R + 1R + 1B = 2B + 1R + 1B.
Corollary 4.1.1 Let p[155−1](n) be the number of 5 colored partitions of n with one of the


































Using (4.5) in (4.8) and then replacing q2 by q, we obtain (4.7).
Corollary 4.1.2
p[155−1](2n + 2) ≡ 0 (mod 10). (4.9)
Proof Employing (3.19), we deduce that
(q5; q5)2∞(q2; q2)5∞
(q10; q10)∞(q; q)10∞
≡ 1 (mod 10). (4.10)
Congruence (4.9) follows from (4.7) and (4.10).
Theorem 4.2 Let S denote the set consisting of one copy of the positive integers and three
additional copies of those positive integers that are multiples of 5. Let T denote the set
consisting of two copies of the positive integers that are not multiples of 5. Let A(N) be
the number of partitions of 2N into odd parts in S or into two colors of even parts that are
not multiples of 5 and let B(N) be the number of partitions of 2N − 2 into even parts in
S or into two colors of even parts that are not multiples of 5. Let C(N) be the number of
partitions of N into odd parts in S and let D(N) and E(N) be the number of partitions of
2N into, respectively, odd parts in T and even number of even parts in T . Then,
(i) for N ≥ 1, A(N) = 2B(N) and
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(ii) for N ≥ 0, C(2N + 1) = D(N) and C(2N) = E(N).
Proof From [8, p. 365, Entry 18]




Multiplying (4.11) by χ2(q)/f 2(−q10) on both sides and then invoking (2.2)–(2.3) and
(2.6), we find that
(−q; q2)∞(−q5; q10)3∞ =
(q2; q2)2∞
(q10; q10)2∞




Replacing q by −q in (4.12), we find that
(q; q2)∞(q5; q10)3∞ =
(q2; q2)2∞
(q10; q10)2∞




Subtracting (4.13) from (4.12), we obtain the equality










On the other hand adding (4.12) with (4.13), we obtain














Employing (4.4) in (4.15), we have
{
(−q; q2)∞(−q5; q10)3∞ + (q; q2)∞(q5; q10)3∞
} (q10; q10)2∞
(q2; q2)2∞






































Using (4.18) in (4.15), we deduce that







Now, Theorem 4.2 follows from (4.16), (4.14), and (4.19).
Example 10 Let N = 3. Then A(3) = 16 and B(3) = 8, and
6 = 6¯ = 5r + 1r = 5b + 1r = 5g + 1r = 5o + 1r = 4 + 2 = 4¯ + 2 = 4 + 2¯ = 4¯ + 2¯
= 3r + 2 + 1r = 3r + 2¯ + 1r = 2 + 2 + 2 = 2 + 2¯ + 2¯ = 2 + 2 + 2¯ = 2¯ + 2¯ + 2¯,
4r = 4 = 4¯ = 2r + 2 = 2r + 2¯ = 2 + 2 = 2 + 2¯ = 2¯ + 2¯.
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Now, let N = 7. Then C(14) = E(7) = 12, and
13r + 1r = 11r + 3r = 9r + 5r = 9r + 5b = 9r + 5g = 9r + 5o = 5r + 5b + 3r + 1r ,
5 further representations of the form 5 + 5 + 3 + 1,
12 + 2 =12 + 2¯ = 1¯2 +2 = 1¯2+ 2¯ = 8 + 6 = 8 + 6¯ = 8¯ + 6 = 8¯ + 6¯ = 6 + 4 + 2 + 2¯
= 6 + 4¯ + 2 + 2¯ = 6¯ + 4 + 2 + 2¯ = 6¯ + 4¯ + 2 + 2¯.
Corollary 4.2.1 Let p[1153](n) be the number of four colored partitions of n with three of































Using (4.16) in (4.21), we deduce (4.20).
Corollary 4.2.2 We have
p[1153](4n + 2) ≡ 0 (mod 2). (4.22)





(q10; q10)∞ (mod 2), (4.23)
which yields (4.22).
Theorem 4.3 Let S denote the set consisting of three copies of the positive integers and
one additional copy of those positive integers that are multiples of 5. Let T denote the set
consisting of two distinct colors of the positive integers that are not multiples of 5. Let A(N)
be the number of partitions of N into odd parts in S, let B(N) be the number of partitions
of 2N into even parts in S, let C(N) and D(N) be the number of partitions of 2N into,
respectively, odd parts in T and even parts in T and let E(N) be the number of partitions
of 2N into even number of even parts in T . Then, for N ≥ 1,
A(2N) = C(N) and A(2N + 1) = 5 D(N) − 2 B(N) = 2 D(N) + E(N).
Proof From [8, p. 366, Entry 19]
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Equivalent q-product identity of (4.24) is







Replacing q by −q, we obtain







Adding (4.26) and (4.25), we find that







Now, subtracting (4.26) from (4.25), we find that














Employing (4.4) in (4.28), we deduce that




− 4q(−q2; q2)3∞(−q10; q10)∞.
(4.29)




































Employing (4.31) in (4.28), we have














Theorem 4.3 readily follows from (4.27), (4.29), and (4.32).
Example 11 Let N = 3. Then A(6) = C(3) = 18, and
5r + 1r = 5b + 1r 10further partitions of the form5 + 1
= 3r + 3b = 3r + 3g = 3b + 3g = 3r + 1r + 1b + 1g = 3r + 1r + 1b + 1g
= 3r + 1r + 1b + 1g,
3+3 = 3 + 3¯= 3¯+3¯=3+1+1+1, 7 further representations of the form 3 + 1 + 1 + 1
= 1 + 1 + 1 + 1 + 1 + 1, 6 further partitions of the form1 + 1 + 1 + 1 + 1 + 1.
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Also, A(7) = 24,D(3) = 10, B(3) = 13 and E(3) = 4, and
7r = 7b = 7g = 5r + 1r + 1b, 11 more representations of the form 5 + 1 + 1
= 3r + 3b + 1r = 3r + 3g + 1r 7 further partitions of the form 3 + 3 + 1,
6 = 6¯=4+2=4+2¯= 4¯+2= 4¯ + 2¯ = 2 + 2 + 2 = 2 + 2 + 2¯= 2 + 2¯ + 2¯ = 2¯ + 2¯ + 2¯,
6r = 6b = 6g = 4r + 2r , 8 further partitions of the form 4 + 2
= 2r + 2b + 2r ,
4 + 2 = 4 + 2¯ = 4¯ + 2 = 4¯ + 2¯.
Corollary 4.3.1 Let p[1351](n) be the number of four colored partitions of n with one of the
colors appearing only in parts that are multiples of 5. We have
∞∑
n=0







Proof The proof of (4.33) is similar to the proof of (4.20), except that in place of (4.16),
(4.29) is used.
Corollary 4.3.2 We have
p[1351](4n + 3) ≡ 0 (mod 2). (4.34)
Proof Employing (3.19) in (4.33), we deduce that
∞∑
n=0
p[1351](2n + 1)qn ≡
(q10; q10)∞
(q2; q2)∞ (mod 2). (4.35)
which yields (4.34).
5 Partitions and Theta Constant Identities of Degree 7
Theorem 5.1 Let S denote the set consisting of one copy of the positive integers that are not
multiples of 4 and one additional copy of the positive multiples of 7 that are not multiples of
4. Let T denote the set consisting of one copy of the positive integers that are not congruent
to 2 (mod 4) and one additional copy of the positive multiples of 7 that are not congruent
to 2 (mod4). Let A(N) be the number of partitions of 2N + 1 into parts in S and B(N) be the
number of partitions of 2N − 1 into parts in T . Then, for N ≥ 1,
A(N) = 2 B(N).
Proof Replacing q by q2 in (1.1), multiplying by (−q; q2)∞(−q7; q14)∞ on both sides of
the resulting equation and then using (2.7), we deduce that
(−q; q)∞(−q7; q7)∞
(−q4; q4)∞(−q28; q28)∞ −
(−q; q2)∞(−q7; q14)∞
(−q2; q2)∞(−q14; q14)∞ = 2q
2 (−q; q)∞(−q7; q7)∞
(−q2; q4)∞(−q14; q28)∞ .
(5.1)
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Replacing q by −q in (5.1), subtracting the resulting identity from (5.1) and then using
(1.1), we have
(−q; q)∞(−q7; q7)∞
(−q4; q4)∞(−q28; q28)∞ −
(q;−q)∞(q7;−q7)∞










Equating the coefficients of q2N+1 on both sides of the equation, we complete the proof.
Example 12 Let N = 6. Then A(6) = 12 and B(6) = 6, and
13 = 11 + 2 = 10 + 3 = 10 + 2 + 1 = 9 + 5 = 9 + 3 + 2 = 7 + 6 = 7¯ + 6
= 7 + 5 + 1 = 7¯ + 5 + 1 = 7 + 3 + 2 + 1 = 7¯ + 3 + 2 + 1,
11 = 8 + 3 = 7 + 4 = 7¯ + 4 = 7 + 3 + 1 = 7¯ + 3 + 1.
6 Partitions and Theta Constant Identities of Degree 15
Theorem 6.1 Let A(N) denote the number of partitions of 2N + 1 into parts congruent
to ±12,±24,±20 (mod 60) or into four distinct colors, with two colors appearing at most
once and only in odd parts and the remaining two colors, also appearing at most once and
only in odd multiples of 15 and let B(N) denote the number of partitions of 2N into even
positive integers that are not multiples of 60, with parts congruent to 30 (mod 60) having
one additional color, or into two distinct colors with one color appearing at most once and
only in odd multiples of three and the other color, also appearing at most once and only in
odd multiples of 5. Then
A(N) = 2 B(N).
Proof From [6, p. 377, Entry 9(ii)]
ϕ(−q6)ϕ(−q10) + 2qψ(q3)ψ(q5) = ϕ(q)ϕ(q15). (6.1)
Replacing q by −q in (6.1), then subtracting the resulting identity from (6.1), we find that





Rewriting (6.2) in q-products, we have
(−q; q2)2∞(−q15; q30)2∞ − (q; q2)2∞(q15; q30)2∞
(q12±, q20±, q24±, q60; q60)∞
= 2q
{





It is now easily seen that (6.3) has partition-theoretical interpretation claimed in Theorem
6.1.
Example 13 Let N = 4. Then A(4) = 12 and B(4) = 6, we have the representations
9r = 9b = 5r + 3r + 1r = 5r + 3r + 1b = 5r + 3b + 1r = 5r + 3b + 1b = 5b + 3r + 1r
= 5b + 3r + 1b = 5b + 3b + 1r = 5b + 3b + 1b = 7r + 1r + 1b = 7b + 1r + 1b,
8 = 6 + 2 = 5¯ + 3¯ = 4 + 4 = 4 + 2 + 2 = 2 + 2 + 2 + 2.
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Theorem 6.2 Let A(N) denote the number of partitions of 2N + 1 into two distinct colors,
with one color appearing at most once and only in odd parts and the remaining color, also
appearing at most once and only in odd parts that are not multiples of 3 or 5, but both.
Let C(N) denote the number of partitions of 2N into even positive integers that are not
multiples of 12 or 20, with parts congruent to 30 (mod 60) having one additional color.
Then A(0) = 2, and for N ≥ 1,
A(N) = C(N).
Proof From [6, p. 377, Entry 9(v) and (vi)]
ϕ(q)ϕ(q15) − ϕ(q3)ϕ(q5) = 2qf (−q2)f (−q30)χ(q3)χ(q5), (6.4)
ϕ(q)ϕ(q15) + ϕ(q3)ϕ(q5) = 2f (−q6)f (−q10)χ(q)χ(q15). (6.5)
Adding (6.4) and (6.5), we obtain an identity equivalent to
ϕ(q)ϕ(q15)
χ(q3)χ(q5)




Replacing q by −q in (6.6), then subtracting the resulting identity from (6.6), we obtain an
identity equivalent to the following q-product
(−q; q2)2∞(−q15; q30)2∞
(−q3; q6)∞(−q5; q10)∞ −
(q; q2)2∞(q15; q30)2∞
(q3; q6)∞(q5; q10)∞











From [2, p. 1042], we note that
(−q; q2)∞(−q15; q30)∞
(−q3; q6)∞(−q5; q10)∞ −
(q; q2)∞(q15; q30)∞
(q3; q6)∞(q5; q10)∞ = 2q(−q
6; q6)∞(−q10; q10)∞. (6.8)
Employing (6.8) in (6.7), we arrive at the partition identity claimed in our Theorem 6.2.
Example 14 Let N = 6. Then A(6) = C(6) = 10, we have the representations
13r = 13b = 11r + 1r + 1b = 11b + 1r + 1b = 9r + 3r + 1r = 9r + 3r + 1b
= 7r + 5r + 1r = 7r + 5r + 1b = 7b + 5r + 1r = 7b + 5r + 1b,
10 + 2 = 8 + 4 = 8 + 2 + 2 = 6 + 6 = 6 + 4 + 2 = 6 + 2 + 2 + 2 = 4 + 4 + 4
= 4 + 4 + 2 + 2 = 4 + 2 + 2 + 2 + 2 = 2 + 2 + 2 + 2 + 2 + 2.
Theorem 6.3 Let S denote the set consisting of one copy of the positive integers and one
additional copy of those positive integers that are multiples of 15. Let T denote the set
consisting of the positive integers that are not multiples of 3 or 5. Let A(N) be the number
of partitions of N into odd parts in S, let B(N) be the number of partitions of 2N − 2 into
even parts in S, let C(N) and D(N) be the number of partitions of 2N into, respectively,
odd parts in T and even parts in T and let E(N) be the number of partitions of 2N into
even number of even parts in T . Then,
(i) for N ≥ 1, A(2N) = D(N) − B(N) = E(N) and
(ii) for N ≥ 0, A(2N + 1) = C(N).
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ϕ(−q3)ϕ(−q5) = f (−q)f (−q3)f (−q5)f (−q15).
(6.9)
Transcribing (6.9) into q-products, we deduce that
(q6; q6)∞(q10; q10)∞
(q2; q2)∞(q30; q30)∞ − q
(q3; q6)∞(q5; q10)∞
(q; q2)∞(q15; q30)∞ = (q; q
2)∞(q15; q30)∞. (6.10)
Replacing q by −q in (6.10), we obtain
(q6; q6)∞(q10; q10)∞
(q2; q2)∞(q30; q30)∞ + q
(−q3; q6)∞(−q5; q10)∞
(−q; q2)∞(−q15; q30)∞ = (−q; q
2)∞(−q15; q30)∞. (6.11)
Subtracting (6.10) from (6.11), we find that










On the other hand, adding (6.10) and (6.11), we find that












Employing, (6.8) in (6.13), we obtain the equality
(−q; q2)∞(−q15; q30)∞ + (q; q2)∞(q15; q30)∞
= 2 (q
6; q6)∞(q10; q10)∞
(q2; q2)∞(q30; q30)∞ − 2q
2(−q2; q2)∞(−q30; q30)∞.
(6.14)
Suppose that the moduli α, β, γ and δ are of degree 1, 3, 5, and 15, respectively. If m =











(1 − α)(1 − δ)




αδ(1 − α)(1 − δ)
βγ (1 − β)(1 − γ )
)1/8
. (6.15)
The above modular equation can be transformed into the q-product
(q6; q6)∞(q10; q10)∞












Invoking (6.16) in (6.13), we have
(−q ; q2)∞(−q15; q30)∞ + (q; q2)∞(q15; q30)∞
= (q
6; q6)∞(q10; q10)∞
(q2; q2)∞(q30; q30)∞ +
(−q6; q6)∞(−q10; q10)∞
(−q2; q2)∞(−q30; q30)∞ .
(6.17)
It is now easy to see that (6.14), (6.17), and (6.12) are equivalent to the statements (ii) and
(i), respectively, in Theorem 6.3.
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Example 15 Let N = 10. Then A(20) = E(10) = 8, D(10) = 16, and B(10) = 8, we
have the representations
19r + 1r = 17r + 3r = 15r + 5r = 15b + 5r = 13r + 7r = 11r + 9r
= 11r + 5r + 3r + 1r = 9r + 7r + 3r + 1r ,
16 + 4 = 14 + 2 + 2 + 2 = 8 + 8 + 2 + 2 = 8 + 4 + 4 + 4 = 8 + 4 + 2 + 2 + 2 + 2
= 4 + 4 + 4 + 4 + 2 + 2 = 4 + 4 + 2 + 2 + 2 + 2 + 2 + 2
= 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2,
16 + 4 = 16 + 2 + 2 = 14 + 4 + 2 = 14 + 2 + 2 + 2 = 8 + 8 + 4 = 8 + 8 + 2 + 2
= 8 + 4 + 4 + 4 = 8 + 4 + 4 + 2 + 2 = 8 + 4 + 2 + 2 + 2 + 2
= 8 + 2 + 2 + 2 + 2 + 2 + 2 = 4 + 4 + 4 + 4 + 4 = 4 + 4 + 4 + 4 + 2 + 2
= 4 + 4 + 4 + 2 + 2 + 2 + 2 = 4 + 4 + 2 + 2 + 2 + 2 + 2 + 2
= 4 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2=2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2,
18r = 16r + 2r = 14r + 4r = 12r + 6r = 12r + 4r + 2r = 10r + 8r
= 10r + 6r + 2r = 8r + 6r + 4r .
Theorem 6.4 Let S denote the set consisting of one copy of the positive integers that are
multiples of 3 and one additional copy of those positive integers that are multiples of 5. Let
T denote the set consisting of one copy of the positive integers that are not multiples of 3 or
5. Let A(N) be the number of partitions of 2N + 1 into odd parts in S or into even parts
that are not multiples of 3 or 5, let B(N) be the number of partitions of 2N into even parts
in S or into even parts that are not multiples of 3 or 5, let C(N) be the number of partitions
of N into odd parts in S and let D(N) and E(N) be the number of partitions of 2N into,
respectively, odd parts in T and odd number of even parts in T . Then,
(i) for N ≥ 1, A(N) = B(N),
(ii) for N ≥ 0, C(2N + 1) = E(N) and C(2N) = D(N).




ϕ(−q)ϕ(−q15) = f (−q)f (−q3)f (−q5)f (−q15).
(6.18)
Transcribing (6.18) into q-products, we deduce that
(q; q2)∞(q15; q30)∞
(q3; q6)∞(q5; q10)∞ + q
(q2; q2)∞(q30; q30)∞
(q6; q6)∞(q10; q10)∞ = (q
3; q6)∞(q5; q10)∞. (6.19)
Replacing q by −q in (6.19), we obtain
(−q; q2)∞(−q15; q30)∞
(−q3; q6)∞(−q5; q10)∞ −q
(q2; q2)∞(q30; q30)∞
(q6; q6)∞(q10; q10)∞ = (−q
3; q6)∞(−q5; q10)∞. (6.20)
Subtracting (6.19) from (6.20), we obtain the equality
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Employing (6.8) in (6.21), we deduce that
{
(−q3; q6)∞(−q5; q10)∞ − (q3; q6)∞(q5; q10)∞
} (q6; q6)∞(q10; q10)∞
(q2; q2)∞(q30; q30)∞
= 2q(−q6; q6)∞(−q10; q10)∞ (q
6; q6)∞(q10; q10)∞
(q2; q2)∞(q30; q30)∞ − 2q.
(6.22)
Suppose that the moduli α, β, γ , and δ are of degree 1, 3, 5, and 15, respectively. If m =












(1 − β)(1 − γ )




βγ (1 − β)(1 − γ )
αδ(1 − α)(1 − δ)
)1/8
. (6.23)
Transforming (6.23) into q-products. Then invoking in (6.21), we find that










On the other hand adding (6.19) and (6.20), we find that
(−q3 ; q6)∞(−q5; q10)∞ + (q3; q6)∞(q5; q10)∞
= (−q; q
2)∞(−q15; q30)∞
(−q3; q6)∞(−q5; q10)∞ +
(q; q2)∞(q15; q30)∞
(q3; q6)∞(q5; q10)∞ .
(6.25)
It is seen that (6.24), (6.25), and (6.22) have partition theoretic interpretation given in
Theorem 6.4 (ii) and (i), respectively.
Example 16 Let N = 7. Then A(7) = B(7) = 14, we have the representations
15r = 15b = 9r + 4 + 2 = 9r + 2 + 2 +2 = 8 + 5b + 2 = 8 + 4 + 3r = 8 + 3r + 2 + 2
= 5b + 4 + 4 + 2 = 5b + 4 +2 + 2+ 2 = 5b + 2 + 2 + 2 + 2 + 2 = 4 + 4 + 4 + 3r
= 4 + 4 + 3r + 2 + 2 = 4 + 3r + 2 + 2 + 2 + 2 = 3r + 2 + 2 + 2 + 2 + 2 + 2,
14 = 12r + 2 = 10b + 4 = 10b + 2 + 2 = 8 + 6r = 8 + 4 + 2 = 8 + 2 + 2 + 2
= 6 + 4 + 4 = 6 + 4 + 2 + 2 = 6 + 2 + 2 + 2 + 2 = 4 + 4 + 4 + 2
= 4 + 4 + 2 + 2 + 2 = 4 + 2 + 2 + 2 + 2 + 2 = 2 + 2 + 2 + 2 + 2 + 2.
7 Partitions and Theta Constant Identities of Degree 63
Theorem 7.1 Let A(N) denote the number of partitions of 2N + 1 into parts congruent
to ±6 (mod 18) or into distinct odd parts that are not multiples of 7 or 9 and let B(N)
denote the number of partitions of 2N + 1 into parts congruent to ±14 (mod 42) or into
two different colors, with one color appearing at most once and only in odd parts and the
other color, also appearing at most once and only in odd multiples of 63. Then, for N ≥ 0,
A(N) = B(N).
Proof From [6, p. 426, Entry 19(ii)], we note that
ψ(q7)ψ(q9) − q6ψ(q)ψ(q63) = f (−q6)f (−q63). (7.1)
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Multiplying (7.1) by 1/ψ(q)ψ(q63), we obtain the equality
ψ(q7)ψ(q9)
ψ(q)ψ(q63)




Replacing q by −q in (7.2). Then subtracting (7.2) from the resulting identity, we find the
following equivalent q-product identity
{
(−q; q2)∞(−q63; q126)∞







2)∞(−q63; q126)∞ − (q; q2)∞(q63; q126)∞
(q14, q28; q42)∞ .
(7.3)
It is now easy to see that (7.3) gives partition-theoretic interpretation given in the
Theorem 7.1.
Example 17 Let N = 12. Then A(12) = B(12) = 14, we have the representations
25 = 24+1=19+6 =19 + 5 +1 =17 + 5 +3 =15 + 6+ 3 +1 =13 +12 =13+11+1
= 13 + 6 + 6 = 13 + 6 + 5 + 1 = 12 + 12 + 1 = 12 + 6 + 6 + 1 = 11 + 6 + 5 + 3
= 6 + 6 + 6 + 6 + 1,
25 = 21 + 3 + 1 = 19 + 5 + 1 = 17 + 7 + 1 = 17 + 5 + 3 = 15 + 9 + 1 = 15 + 7 + 3
= 14 + 11 = 14 + 7 + 3 + 1 = 13 + 11 + 1 = 13 + 9 + 3 = 13 + 7 + 5
= 11 + 9 + 4 + 1 = 9 + 7 + 5 + 3 + 1.
Remark 1 Identities (3.56), (3.57), (4.14), (4.19), (6.24), and (6.25) are special cases of
Warnaar’s identities [20], a bijective proof for the same is given by Sun Kim in [14]. Also,
Identities (3.57), (4.14), (6.12), and (6.25) were proved by N. D. Baruah and B. C. Berndt
in their paper [2] using Ramanujan’s modular equations.
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